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ON THE HOMOTOPY TYPE OF THE COMPLEMENT OF AN
ARRANGEMENT THAT IS A 2-GENERIC SECTION OF THE
PARALLEL CONNECTION OF AN ARRANGEMENT AND A
PENCIL OF LINES
KRISTOPHER WILLIAMS
Abstract. Let A be a complexified-real arrangement of lines in C2. Let H be
any line in A. Then, form a new complexified-real arrangement BH = A∪C where
C ∪ {H} is a pencil of lines with multiplicity m ≥ 3, the intersection point in the
pencil is not a multiple point in A, and every line in C intersects every line in
A\ {H} in points of multiplicity two. In this article, we show that for H1, H2 ∈ A
we may have that BH1 and BH2 do not have diffeomorphic complements, but the
complements of the arrangements will always be homotopy equivalent.
1. Introduction
A hyperplane arrangement A is a finite collection of affine subspaces in Cl. When
the defining forms for all of the hyperplanes in the arrangement can be chosen to
have real coefficients but the arrangement is considered as an arrangement in Cl,
the arrangement A is called a complexified real arrangement. The complement of an
arrangement is denoted by M(A) = Cl \∪H∈AH. The intersection lattice L(A) of an
arrangement is the set on non-empty intersections of hyperplanes in the arrangement.
The intersection lattice is given the structure of a partially ordered set by reverse
inclusion of the elements. All properties of the arrangement or its complement that
are determined from the intersection lattice are called combinatorial.
One of the big questions in the study of arrangements is to what extent are the
combinatorics and topology of the complement related. A well known result of Orlik
and Solomon [OS80] shows that the cohomology algebra of the complement of an
arrangement is determined by the combinatorics. In [Ryb93], Rybnikov gives an ex-
ample of two arrangements with the same combinatorics, but the arrangements have
non-isomorphic fundamental groups (thereby, the complements cannot be homotopy
equivalent). See [ABCRCAMB05], for more results related to this idea. A conse-
quence of the work of Jiang and Yau[JY98] shows that if the combinatorics of Aa and
Ab are different, then the complements M(Aa) and M(Ab) are not diffeomorphic.
In [Fal93] , Falk presents an example that falls between the results of Rybnikov and
Jiang and Yau. That is, Falk presents a family of pairs of arrangements (A1,A2)
2010 Mathematics Subject Classification. Primary 52C35; Secondary 32S22, 14N20, 55P10.
Key words and phrases. line arrangement, hyperplane arrangement, parallel connections, direct
products, lattice isotopy, homotopy type, pencils of lines.
1
ar
X
iv
:1
50
7.
04
70
6v
1 
 [m
ath
.A
T]
  1
6 J
ul 
20
15
2 KRISTOPHER WILLIAMS
in C2 where A1 and A2 have different combinatorics and do not have homeomor-
phic complements, but A1 and A2 have homotopy equivalent complements. There-
fore we also have pi1(M(A1)) ∼= pi1(M(A2)). However, all of Falk’s examples have
pi1(M(A1)) ∼= Fp × Fq × Z1. Using the work of Fan [Fan97] and Eliyahu, Liberman,
Schaps and Teicher [ELST10], it was shown in [Wil11] that any two line arrange-
ment complements with fundamental groups isomorphic to the same direct product
of free groups will have homotopy equivalent complements even though they may
have different combinatorics, thus do not have homeomorphic complements.
The purpose of this paper is to continue the study of arrangements that have
different combinatorics, complements that are not diffeomorphic, but are homotopy
equivalent. The main theorems of this paper follow.
Theorem 1.1. Let A be a complexified-real arrangement of lines in C2. Let H be
any line in A. Then, form a new complexified-real arrangement BH = A ∪ C where
C ∪ {H} is a pencil of lines with multiplicity m ≥ 3, the intersection point in the
pencil is not a multiple point in A, and each line in C intersects each line in A\{H}
in points of multiplicity two. For anyH1, H2 ∈ A we may have that M(BH1) and
M(BH2) are homotopy equivalent.
Another way to view Theorem 1.1 is from the perspective of parallel connections
of arrangements. Let Ap and Aq denote two central arrangements in Cp and Cq)
respectively. Further, let H ∈ Ap and L ∈ Aq. The parallel connection of the
arrangements P ((Ap, H), (Aq, L)) is a central arrangement in Cp+q−1 formed by con-
sidering both arrangements as arrangements in Cp+q−1, combining the arrangements
along the hyperplanes H and L, then placing the rest of the arrangements in general
position (see [FP02] for a precise definition.) In [FP02], it is shown that the diffeo-
morphism type of the complement of the parallel connection is independent of the
hyperplanes chosen to form the parallel connection along. This also shows that the
fundamental group of the complements of the parallel connections is independent of
the hyperplanes chosen. By a well known result, the fundamental group of the par-
allel connection can be determined by finding the fundamental group of a 2-generic
section of the complement of the arrangement in C2. However, it is unknown if the
homotopy type of the sections depends on the hyperplane section chosen.
The cone over an arrangement cA is formed by homogenizing the defining polyno-
mial for a hyperplane arrangement with a new variable z and then adding the hyper-
plane defined by z = 0 to the arrangement. The result is a central arrangement in
one higher dimension and with one more hyperplane than the original arrangement.
Let cA denote the cone over the arrangement A in Theorem 1.1 and let Pm denote
a pencil of m ≥ 3 lines in C2. Theorem 1.1 is then equivalent to the idea that the
homotopy type of a 2-generic section of the complement of the parallel connection
of cA and Pm is independent of the hyperplanes chosen.
We will prove Theorem 1.1 as a consequence of the following theorem. Essentially,
Theorem 1.2 states that one may take a complexified-real arrangement in C2 and
either add m− 1 parallel lines or add a multiple point of multiplicity m to a line in
the arrangement such that in both cases the lines added are in general position with
respect to the rest of the lines in the arrangement. The resulting arrangements will
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have homotopy equivalent complements, generally have different combinatorics and
generally not have diffeomorphic complements.
Theorem 1.2. Let BH1 be a complexified real arrangement in C2 such that
• the arrangement BH1 is the union of two subarrangements A and C where
A ∩ C contains a single line we will denote by H1,
• C is a pencil of m ≥ 3 lines, and
• every line of C \H1 intersects each line of A in a point of multiplicity two.
Let B∞ be a complexified real arrangement in C2 such that
• the arrangement B∞ is the union of two subarrangements A and D that have
no lines in common,
• D is a set of m− 1 parallel lines
• every line in D intersects each line of A in a point of multiplicity two.
Then, the complement of BH1 is homotopy equivalent to the complement of B∞.
In [JY98], Jiang and Yau showed that if the arrangements Aa and Ab have diffeo-
morphic complements in CP2, then Aa and Ab have isomorphic intersection lattices.
From this result, since the coning of A and the coning of B are generally not lat-
tice isomorphic, we know that the complements M(A) and M(B) are generally not
homeomorphic.
In Section 2, some background information is given on the major tools used in the
proof of the Theorem 1.2: cell complexes of arrangement complements, and lattice
isotopies. In Section 3, Theorem 1.1 and Theorem 1.2 are proven after some lemmas
related to the presentations of the fundamental groups of complements of certain
arrangements. Finally, Section 4 contains an example of Theorem 1.2.
2. Background
We follow the notation presented in [OT92].
2.1. Presentations and Complexes. Let P be a finite group presentation. We
may construct a 2-complex, denoted by |P|, by starting with one 0-cell, attaching a
1-cell for each generator, and attaching a 2-cell for each relator by following along
the generators. In [Fal93] the following is described:
Lemma 2.1. Let P be a group presentation and |P| the associated 2-complex. The
following Tietze transformations (and their inverses) may be performed on the pre-
sentation without changing the homotopy type of the 2-complex:
• Tietze I: Freely reduce a relator r or replace r by w−1r±1w where w is any
word.
• Tietze II: Delete a generator a and a relator of the form aw−1 where w does
not involve a and replace every occurrence of a in other relators by w.
• Tietze III: Replace a relator r with rs where s is another relator.
We also recall there is another Tietze transformation which has the result of form-
ing the wedge product of the complex with a copy of the 2-sphere S2 :
• Tietze IV: Introduce a relator that is a consequence of other relators.
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In this paper, we will need to make use of the Arvola-Randell presentation for
pi1(M(A)). We recall the facts we need below and direct the reader to [OT92] for the
full details.
Let A denote a complexified-real arrangement of lines in C2. We associate a graph
to the real part of the arrangement in R2 by associating to each intersection point
of lines a vertex. Then, to each line segment between vertices we associate an edge.
We also associate an edge to each line segment that is only attached to one vertex
(ie a ray). Let G denote the set of edges, as these will be the generators in the
presentation.
Figure 1. A typical pencil of lines.
In Figure 1, we have a typical vertex with incident edges in the real plane. At
each vertex v we have conjugation relators:
g′1g
−1
1 , g
′
2(g
g1
2 )
−1, . . . , g′n−1(g
gn−2···g1
n−1 )
−1, g′ng
−1
n
and commutation relators:
[gn, gn−1 · · · g2g1], [gngn−1, gn−2 · · · g2g1], · · · [gngn−1 · · · g2, g1]
The set of commutation relators is often abbreviated as [gn, gn−1, . . . , g2, g1].
The Arvola-Randell presentation for pi1(M(A)) is P := 〈G | R〉 where G is the
set of edges and R is the set of conjugation relators and commutation relators from
all of the vertices. The presentation may of course be simplified via Lemma 2.1. By
the Main Theorem in [Fal93], the standard 2-complex |P| is homotopy equivalent to
M(A).
2.2. The topology of M(A). We will need two results on the topological type of
the complements of arrangements. We briefly recall them here.
For the necessary background on the Arvola-Randell presentation, see [Fal93] or
[OT92].
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Theorem 2.2. (Theorem 2.3 in [Fal93], Corollary 6.5 in [CS97]) Let A be an ar-
rangement in C2 and let P be the Arvola-Randell presentation for pi1(M(A)). Then
the 2-complex |P| is homotopy equivalent to M(A).
A smooth 1-parameter family of arrangements At is defined by a polynomial
Q(At) =
n∏
j=1
αj(z, t)
where
αj(z, t) = αj1(t)z1 + αj2(t)z2 + · · ·+ αjl(t)zl
and each αjm : R → C is a smooth function. For any value of t0 ∈ R, the notation
At0 is an arrangement.
The family is a lattice isotopy if for all values t1, t2 ∈ R the arrangements At1 and
At2 have isomorphic lattices.
Theorem 2.3. (Main Theorem in [Ran89]) Let At be a lattice isotopy. Then M(A0)
is diffeomorphic to M(A1).
3. Proof of Main Results
We begin with Lemma 3.1 that allows us to construct a complex that is homotopy
equivalent to the arrangement BH1 from Theorem 1.2.
Lemma 3.1. Let BH1 be as described in Theorem 1.2. Then, M(BH1) is homotopy
equivalent to the complex constructed from the presentation given by〈
h1, . . . , hn,
l2, . . . , lm
∣∣∣∣∣∣
[lk, hj] for 2 ≤ k ≤ m
[h1, lm, . . . , l2] 2 ≤ j ≤ n
Rh
〉
where 〈h1, . . . , hn, |Rh〉 is a Randell-Arvola presentation for the fundamental group
of M(A) and Rh consists of words in the generators {h1, . . . , hn} only.
Proof. We begin by constructing a series of lattice isotopies to find an arrangement
whose complement is diffeomorphic to the complement of BH1 , but has a structure
whose Randell-Arvola presentation is easier to construct.
We choose coordinates C[x, y] so that the point of intersection of the lines in C is
the origin and the line H1 is defined by the kernel of αH1 = x. In this way, we can
give a defining polynomial for C by Q(C) = x·
m∏
k=2
(y−mkx) and a defining polynomial
for A by Q(A) = x ·
n∏
j=2
(y − wjx+ aj) where
• mp < mq for p < q,
• wj 6= mk for all 2 ≤ j ≤ n, 2 ≤ k ≤ m, and
• aj 6= 0 for all 2 ≤ j ≤ n.
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Thus, a defining polynomial for BH1 is given by Q(BH1) = x ·
m∏
k=2
(y −mkx) ·
n∏
j=2
(y +
wjx+ aj).
We can define a two parameter family of arrangements A(t, s) for s, t ∈ R by the
polynomial
H(A(t, s)) = x ·
m∏
k=2
(y −mkx− s · t+ (t− t2)i) ·
n∏
j=2
(y − wjx+ aj).
Note that the arrangement A is a subarrangement of A(t, s) for all s and t. We define
a family of subarrangements by C(t, s) from the polynomial
Q(C(t, s)) = x
m∏
k=2
(y −mkx− s · t+ (t− t2)i).
As A is a finite arrangement, there exists a real number S > 0 so that all multiple
points of A are inside a ball of radius S centered at the origin. Also, we can choose
an R > S so that all points of intersection of A and C(1, R) take place outside of
ball of radius R− 1 centered at the origin.
Therefore, we may define a 1-parameter family of arrangements by
H(t, R) = x ·
m∏
k=2
(y −mkx−R · t+ (t− t2)i) ·
n∏
j=2
(y − wjx+ aj).
One may see that A(0, R) is a defining polynomial for BH1 , and that H(t, R) is
smooth in t. Finally, one may see that the family preserves the intersection lattice,
thus defines an isotopy of arrangements. Therefore, by Theorem 2.3, we have that
BH1 and A(1, R) define arrangements with diffeomorphic complements.
Next, we define another two-parameter family of arrangements for t, q ∈ R by
G(t, q) = x · (y −m2x−R)) ·
m∏
k=3
(y −Mk(t, q)x−R) ·
n∏
j=2
(y − wjx+ aj).
where Mk(t, q) =
[((
q −m2
m
k +m2
)
t+mk(1− t)
)
+ (t− t2)i
]
for 3 ≤ k ≤ m.
One may see that G(0, q) is a defining polynomial for A(1, R).
Let L2 denote the hyperplane defined by the kernel of αL2 = y −m2x − R. Let
H1 be the hyperplane defined by the kernel of αH1 = x. We then have that A =
{H1, · · · , Hn}. Let R+ = {(x, y) ∈ R|x > 0} be the half-plane with positive x−values
and let R+ = {(x, y) ∈ R|x < 0} denote the half-plane with negative x−values.
We may partition the set of planes A \ {H1} into two sets by defining
B+H1 = {H ∈ A|H ∩ L2 ∈ R+},B−H1 = {H ∈ A|H ∩ L2 ∈ R−}.
Let L(q) be the complex line defined by the polynomial y − qx− R. Let W ∈ R be
chosen so that
• W > m2 and
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• for all W ≥ p > m2 we have {H ∈ B+H1|H ∩ L(p) ∈ R+} = B+H1 , and
{H ∈ B−H1|H ∩ L(p) ∈ R−} = B−H1 .
Essentially, W is chosen so that for all lines of the form y − px − R = 0, the real
part of the line with positive x-values intersects the arrangement A in the same set
of lines as B+H1 .
Returning to the family of arrangements, we now have the 1-parameter family
given by G(t,W ) which is a smooth family of arrangements. We leave to the reader
to show that the isotopy preserves the intersection lattice. Therefore, G defines a lat-
tice isotopy from the arrangement A(1, R) defined by G(0,W ) and the arrangement
defined by G(1,W ). Thus, the arrangement BH1 is lattice isotopic to the arrangement
defined by G(1,W ).
By re-indexing the set of lines {H2, . . . , Hn} we will denote the set of lines in
B+H1 = {H2, . . . , Hv} for some 2 ≤ v ≤ n where 2 ≤ p < q ≤ v indicates that the
distance from the point (0, R) to Hp ∩L2 is less than the distance from (0, R) to the
point Hq ∩ L2. Similarly, we re-index so that B−H1 = {Hv+1, . . . , Hn} where again we
index by increasing distance from the point (0, R) to the point Hp∩L2. We note that
either of these sets may be empty.
Figure 2. The pencil of lines moved “outside” of the arrangement A.
This reindexing allows us to consider the arrangement of lines pictured in Figure 2.
This is the local picture for the arrangement defined by G(1,W ) We denote the lines
defined by y−Mk(1,W )x−R by Lk. We may associate to each line Lk two generators
in the presentation of the fundamental group for the Randell-Arvola presentation.
We will denote by lk the generator in R
+ and by the l′k the generator in R
−. We
may also associate to each line Hj a generator hj by choosing the generators to be
given by the edge coming from the intersections of Hj with L2. Note that since the
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intersection of Hj and L2 consists of a point of multiplicity two, by the Randell-
Arvola presentation we may use the same generator for both sides of the intersection
point.
We will now change the presentation without affecting the homotopy type of re-
sulting 2-complex. (See Section 2.1). We first note that we have the relations induced
by the multiple point at (0, R) which give rise to conjugation relators
l′2l
−1
2 , l
′
3(l
l2
3 )
−1, . . . , l′m(l
lm−1···l2
m )
−1, h′1h
−1
1
and the commutation relators
[h1, lm, . . . , l2]
By choosing the generators in this way, we have the relators along the line L2
consisting of the set
V = {[l2, hk], [l′2, hj] | Hk ∈ B+H1 , Hj ∈ B−H1}.
By using the first conjugation relator ( l′2l
−1
2 ), we may rewrite the relators in the set
V by a Tietze-II move as
{[l2, hk] | 2 ≤ k ≤ n}.
Along the line L3, we have the following relators:
{[l3, hk], [l′3, hj] | Hk ∈ B+H1 , Hj ∈ B−H1}.
The relator [l′3, hj] may be rewritten as [l
l2
3 , hj] by using the conjugation relator
l′3(l
l2
3 )
−1 and a Tietze-II move. This new relator may be rewritten asA = l−12 l3l2hjl
−1
2 l
−1
3 l2h
−1
j .
Since we have the commutator relator [l2, hj], the relator A may be rewritten as B =
l−12 l3hjl2l
−1
2 l
−1
3 h
−1
j by a Tietze-III move and may be further rewritten as l3hjl
−1
3 h
−1
j =
[l3, hj] via Tietze-I moves. Therefore, the set of relators from the line L3 may be
rewritten as
{[l3, hk], | 2 ≤ k ≤ n}.
This process may be repeated for all Lk until we have a presentation of pi1(M(BH1))
given by 〈
h1, . . . , hn,
l2, . . . , lm
∣∣∣∣∣∣
[lk, hj] for 2 ≤ k ≤ m
[h1, lm, . . . , l2] 2 ≤ j ≤ n
Rh
〉
where Rh consists of the relators coming from the arrangement BH1 induced by the
generators h1, . . . , hn. 
Lemma 3.2. Let B1 and B2 be complexified real arrangements in C2 such that
• the arrangements Bi are each the union of two subarrangements A and B′i
that have no lines in common,
• B′i is a set of m ≥ 1 parallel lines
• every line in B′i intersects each line line of A in a point of multiplicity two.
Then B1 and B2 have diffeomorphic complements.
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Proof. We will proceed by finding lattice isotopies that connect these two arrange-
ments.
As in the proof of Lemma 3.1 we may choose coordinates so that the line H1 ∈ A
is defined by the kernel of f(x, y) = x. In this way, we can give a defining polynomial
for A by Q(A) = x ·
n∏
j=2
(y−wjx+aj) and for B′1 by Q(B′1) =
m∏
k=1
(y−u1x− bk) where
bp < bq for p < q, and u1 6= wj for all 2 ≤ j ≤ n. Thus, a defining polynomial for B1
is given by Q(B1) = x ·
m∏
k=1
(y − u1x− bk) ·
n∏
j=2
(y − wjx+ aj).
Similarly, we construct a defining polynomial for B2 by Q(B2) = x ·
m∏
k=1
(y − u2x−
dk) ·
n∏
j=2
(y − wjx+ aj), where dp < dq for p < q, and u2 6= wj for 2 ≤ j ≤ n.
Choose S > 0 so that all multiple points of A occur in the half-plane defined by
y − u1x− S ≤ 0 and in the half plane defined by y − u2x− S ≤ 0. Then define the
following 1-parameter family of arrangements:
G1(t) = x ·
m∏
k=1
(y − u1x− (bk(1− t) + (S + k)t+ (t− t2)i) ·
n∏
j=2
(y − wjx+ aj).
We note how this family leaves the subarrangement A unchanged and how G1(0) is
a defining polynomial for B1. We leave to the reader to verify that G1 is a lattice
isotopy. In the same way, define the lattice isotopy
G2(t) = x ·
m∏
k=1
(y − u2x− (dk(1− t) + (S + k)t+ (t− t2)i) ·
n∏
j=2
(y − wjx+ aj).
with G2(0) a defining polynomial for B2.
Finally, we define a lattice isotopy that connects the arrangement defined by G1(1)
to the arrangement defined by G2(1) by
H(t) = x ·
m∏
k=2
(y − (u1(1− t) + u2t+ i(t− t2))x− (S + k) ·
n∏
j=2
(y − wjx+ aj).
Again, as H leaves the subarrangement A unchanged, there is little to check to
confirm that H defines a lattice isotopy of the arrangement defined by G1(1) to the
arrangement G2(1).
Therefore, we have that B1 is lattice isotopic to B2, therefore M(B1) is diffeomor-
phic to M(B2). 
3.1. Proof of Theorem 1.2 and Theorem 1.1.
Proof. of Theorem 1.2 From Lemma 3.1, we have a presentation that generates a
2-complex homotopy equivalent to M(BH1) given by〈
h1, . . . , hn,
l2, . . . , lm
∣∣∣∣∣∣
[lk, hj] for 2 ≤ k ≤ m
[h1, lm, . . . , l2] 2 ≤ j ≤ n
Rh
〉
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where Rh consists of the relators coming from the arrangement A induced by the
generators h1, . . . , hn.
We perform a final sequence of Tietze transformations to arrive at a preferred
presentation. We begin with a Tietze II move by introducing the generator g and
the relation g = h1lm · · · l2. We then perform another Tietze II move by deleting
the relation gl−12 · · · l−1m = h1 and replace all occurrences of the generator h1 with
gl−12 · · · l−1m . We first examine the consequences on the commutator relations coming
from [h1, lm, . . . , l2]. Expanding this set of relations and applying the Tietze trans-
formations yields the altered relations:
h1lm · · · l2 = lm · · · l2h1 →g = lm · · · l2(gl−12 · · · l−1m ) = lm · · · l2gl−12 · · · l−1m
h1lm · · · l2 = lm−1 · · · l2h1lm →g = lm−1 · · · l2(gl−12 · · · l−1m )lm = lm−1 · · · l2gl−12 · · · l−1m−1)
...→ ...
h1lm · · · l2 = l3l2h1lm · · · l4 →g = l3l2(gl−12 · · · l−1m )lm · · · l4 = l3l2gl−12 l−13
h1lm · · · l2 = l2h1lm · · · l3 →g = l2(gl−12 · · · l−1m )lm · · · l3 = l2gl−12
These can then be simplified by freely reducing via Tietze-I moves:
g = lm · · · l2(gl−12 · · · l−1m ) →g = lm · · · l2gl−12 · · · l−1m
g = lm−1 · · · l2(gl−12 · · · l−1m )lm →g = lm−1 · · · l2gl−12 · · · l−1m−1
... →...
g = l3l2(gl
−1
2 · · · l−1m )lm · · · l4 →g = l3l2gl−12 l−13
g = l2(gl
−1
2 · · · l−1m )lm · · · l3 →g = l2gl−12
Working from the bottom of the right column we have the relator [g, l2]. Applying a
Tietze-III transformation to the second column from the bottom, we may transform
the relation g = l3l2gl
−1
2 l
−1
3 to the relator [g, l3]. Continuing this process will yield
the set of relators {[g, lk] | 2 ≤ k ≤ m} .
Therefore, we have the presentation〈
g, . . . , hn,
l2, . . . , lm
∣∣∣∣∣∣
[lk, hj] for 2 ≤ k ≤ m
[g, lk] 2 ≤ j ≤ n
Rh
(
h1 7→ gl−12 · · · l−1m
)
〉
where Rh(h1 7→ gl−12 · · · l−1m ) consists of the relators coming from the arrangement A
induced by the generators h1, . . . , hn with h1 replace with gl
−1
2 · · · l−1m . As we have lk
commutes with g and hj for all 2 ≤ j ≤ n, we can remove all the lk from the relators
in Rh(h1 → gl−12 · · · l−1m ) and replace with the set of relators Rh(h1 → g), that is the
set of relators coming from the arrangement A with h1 replaced by g. Thus we arrive
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at a presentation we will denote by PBH1 :
PBH1 :=
〈
g, h2 . . . , hn,
l2, . . . , lm
∣∣∣∣∣∣
[lk, hj], for 2 ≤ k ≤ m,
[g, lk], 2 ≤ j ≤ n,
Rh(h1 7→ g)
〉
Consider the arrangement E defined by
Q(E) = x · (y −m2x−R)) ·
m∏
k=3
(y −m2x− (R + k)) ·
n∏
j=2
(y − wjx+ aj).
Since the arrangements E and B∞ satisfy the hypotheses of Lemma 3.2, these ar-
rangements are lattice isotopic. From the value chosen for R and as the lines in
m∏
k=3
(y−m2x− (R+ k)) in the polynomial Q(E) are parallel to L2 we may depict the
arrangement as in Figure 3.
Figure 3. The arrangement E consists of A and a set of parallel lines
in general position.
In this way, we may label the generators for the fundamental group of M(A) by
h1, . . . , hn and label generators for the lines of (y−m2x−R)
m∏
k=3
(y−m2x− (R+ k))
by lk. As all of the h
′
js and l
′
ks intersect in points of multiplicity two, we have the
relators in the presentation of the fundamental group given by {[hj, lk] | 1 ≤ j ≤
n, 2 ≤ k ≤ m}. The hj’s are the same generators used in the presentation from
Lemma 3.1 so we have a presentation for the fundamental group of the complement
of E given by 〈
h1, . . . , hn,
l2, . . . , lm
∣∣∣∣ [lk, hj] for 2 ≤ k ≤ mRh 1 ≤ j ≤ n
〉
.
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Certainly, the 2-complexes built from PE and PBH1 are homotopy equivalent by
relabelling h1 in PB∞ by g. Therefore we have the following sequence of homotopy
equivalencies:
M(B∞) ∼ |PB∞| ∼ |PE | ∼ |PBH1 | ∼M(BH1).

Now we use Theorem 1.2 to prove Theorem 1.1 as a corollary.
Proof. of Theorem 1.1 Let BH1 and BH2 be defined as in the statement of the theorem.
From Theorem 1.2, there exist arrangements B1∞ and B2∞ in C2 such that
• the arrangement Bi∞ is the union of two subarrangements A and D that have
no lines in common,
• D is a set of m− 1 parallel lines
• every line in D intersects each line of A in a point of multiplicity two.
Further, we have that M(BHi) is homotopy equivalent to M(Bi∞). From Theorem 3.2,
we have that B1∞ and B2∞ have homotopy equivalent complements. Therefore we can
conclude that M(BH1) is homotopy equivalent to M(BH2) for any H1, H2 ∈ A. 
4. Example
Consider the arrangements BH1 and B∞ defined by the following polynomials
Q(BH1) = xy(y − 1)(y − 2)(y + x− 2)(y − x)(y + 3x+ 1)(y + 4x+ 1)(y + 5x+ 1)
Q(B∞) = xy(y − 1)(y − 2)(y + x− 2)(y − x)(y + 3x+ 3)(y + 3x+ 2)(y + 3x+ 1)
and depicted in Figure 4. If we let A be defined by Q(A) = xy(y − 1)(y − 2)(y +
x− 2)(y − x) then we can see that BH1 and B∞ define arrangements as described in
Theorem 1.2 with the line H1 defined by the kernel of αH1 = x. Therefore, M(BH1)
is homotopy equivalent to M(B∞).
Figure 4. The arrangements BH1 on the left and B∞ on the right.
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However, we know that M(BH1) is not homeomorphic to M(B∞). Let B∗H1 denote
the projectivized arrangement in CP2 formed by embedding C2 in CP2 and adding
the “line at infinity” to the arrangement BH1 .
Then, we can see that M(B∗H1) is homeomorphic to M(BH1).
Similarly, we have B∗∞ as an arrangement in CP2 with M(B∗∞) homeomorphic
to M(B∞). As B∗∞ contains one line with two points of multiplicity four, but B∗H1
contains no such line, we have that the intersection lattices of B∗∞ and B∗H1 are not
isomorphic. By a result of [JY93], this implies that M(B∗∞) is not homeomorphic to
M(B∗H1).
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